arXiv: 1503.06162v2 [math.AP] 16 Oct 2015 


L 1 2 -Theory of Linear Degenerate SPDEs and L p (p > 0) 
Estimates for the Uniform Norm of Weak Solutions 


Jinniao Qiu* 
October 19, 2015 


Abstract 

In this paper, we are concerned with possibly degenerate stochastic partial differential 
equations (SPDEs). An L 2 -theory is introduced, from which we derive the Hormander 
theorem with an analytical approach. With the method of De Giorgi iteration, we obtain 
the maximum principle which states the L p (p > 0) estimates for the time-space uniform 
norm of weak solutions. 
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1 Introduction 


Let (D,^,{^i} t >o,P) be a complete filtered probability space, on which a d \-dimensional 
Wiener process W = {Wt)t> o is well defined. We consider SPDE of the form 


du(t, x 

u( 0, x) =Uq(x), x £ 


7 + M'k) u + & Djii + cu + / + L' k g k + M' k h k 


(t, x) dt 


+ 


M k u + p k u + h k (t, x) dW k , (t,x) £ Q := [0,T] x 


( 1 . 1 ) 


Here and throughout this paper, the summation over repeated indices is enforced unless stated 
otherwise, T £ (0, oo), D = (D \,..., Dj) is the gradient operator, and Lk = a^ k Dj, M*, = 6^ k Dj, 
L' k = Dj(a^ k -), M' k = Dj(0i k -), for k = 1,... ,d±. SPDE (II. ip is said to be degenerate when it 
fails to satisfy the super-parabolicity (SP): There exists A £ (0, oo) such that 


a ik a jk {t,x)C^ j > Ag| 2 a.s., V(t,x,0 £ [0,T] x R d x R d . 


We first investigate the solvability of linear, possibly degenerate SPDEs in L 2 -spaces. An 
L 2 -theory on linear degenerate SPDEs was initiated by Krylov and Rozovskii m, and it was 
developed recently by El El HI EB1- Along this line, to get a solution of SPDE (11.11) in space 
L 2 (D; C([0, T]; H m )) not only requires that / + L' k g k + M' k h k is Ll m -valued but also assumes 
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that h k is H m+1 -valued, while in this work, f,g and h are allowed to be just //’"-valued, with 
H m := (1 — A) _ " 2 "L 2 (M d ) for each m G R. Moreover, we get the estimate L^u G E 2 (fl x 
[0 ,T]]H m ), and at the price of assuming a Hormander-type condition, we further have u G 
L 2 (D x [0, T];i/ m+r? ) for some r\ G (0,1]. For the proof, we apply the a priori estimates for 
solutions of the approximating super-parabolic SPDEs in line with the applications of pseudo¬ 
differential operator theory. As a byproduct, a Hormander theorem for SPDE (11.111 is derived 
from the established L 2 -theory and an estimate on the Lie bracket (Lemma 13.41) . 

Most importantly, we prove the maximum principle for the weak solution of SPDE (11.11) . 
More precisely, we obtain the L p (p > 0) estimates for the time-space uniform norm of weak 
solutions, i.e., under suitable integrability assumptions on UQ,f,g and h, we have 

Theorem 1.1. Let the Hormander-type condition ifH) hold. For the weak solution u of SPDE 
(ED; we have for any p G (0, oo) 

e \\ uT \\l°°(Q) - J T ,9,h), 

where E(u^, f^, g, h) is expressed in terms of certain norms of (u 0 , , g, h), and the constant 

C depends on d, p , T and the quantities related to the structure coefficients of SPDE ED- 

The novelty of our result is that it does not require the super-parabolic condition (SP), 
which, to the best of our knowledge, is always assumed in the existing literature on such kind 
of maximum principles for SPDEs. 

For the super-parabolic SPDEs, Krylov CD HD established the L p -theory (p > 2), from 
which one can derive from the classical Sobolev embedding theorem the L p estimates of time- 
space uniform norm for the strong solutions that require more smoothness assumptions on 
the coefficients. For the weak solutions of super-parabolic SPDEs in bounded domains, the 
maximum principle was obtained by Denis, Matoussi and Stoica [5] and further by M, but 
with p G [2, oo). Their method relied on Moser’s iteration. Such method was also used by Denis, 
Matoussi and Zhang [6] to derive the maximum principle for weak solutions of super-parabolic 
SPDEs with obstacle. In comparison, we adopt a stochastic version of De Giorgi iteration scheme 
in this paper. We would also note that our method is inspired by the other two different versions 
of De Giorgi iteration used by Hsu, Wang and Wang m to investigate the regularity of strong 
solutions for super-parabolic SPDEs and by Qiu and Tang [20] to study the maximum principles 
of weak solutions for a class of backward SPDEs. 

The remainder of this paper is organized as follows. In Section 2, we set some notations and 
state our main result. The L 2 -theory and the Hormander theorem are proved in Section 3. In 
section 4, we prove the maximum principle. 

2 Preliminaries and the main results 

Let L 2 (M d ) (L 2 for short) be the usual Lebesgue integrable space with usual scalar product (•, •) 
and norm || • ||. For n G (— 00 , 00 ), we denote by H n the space of Bessel potentials, that is 
H n := (1 — A) - 2 'L 2 with the norm 

H\\n ■■= ||(i - a)5«£||, cfeHr 

For each l G N + and domain n C R 1 , denote by //“(n) the space of infinitely differentiable 
functions with compact supports in n. For convenience, we shall use (•, •) to denote the duality 
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between ( H n ) k and ( H n ) k (k G N + , n G M) as well as that between the Schwartz function 
space and C^°(M d ). Moreover, We always omit the superscript associated to the dimension 
when there is no confusion. 

For Banach space (B, || • ||b) and p G [1, oo], 5 P (B) is the set of all the B-valued, (j^)-adapted 
and continuous processes (X t ) t6 r Q)T i such that 


II^IIsp(B) : “ 


sup ||X t | 
te[o,T] 


< oo. 


LP(f2) 


Denote by £ P (B) the totality of all the B-valued, (j^)-adapted processes (Xt)te[o,T] such that 


II^II/:p(B) II l|-^t IIb llz,P(f2x[0,T]) < 00 • 

Obviously, both (5 P (B), || • ||«sp(ib)) and (£ P (B), || • ||/;p(b)) are Banach spaces. In addition, for p G 
(0,1), we denote by L P (D; B) the B-valued ^"-measurable functions / such that ||/||b G F 1 (D; M) 

with ||/||LP ( n ; B) := ||II/IIb|Ili^;R)- 

By C£°, we denote the set of infinitely differentiable functions with bounded derivatives of any 
order. Denote by the set of functions h on D x [0, T] x M. d such that h(t, x ) is infinitely 

differentiable with respect to x and all the derivatives of any order belong to jC.°° (L°° . 

Throughout this paper, we denote I n = (1 — A) 2 for n G M. Then I n belongs to 
that is the class of pseudo-differential operators of order n. By the pseudo-differential operator 
theory (see |9] for instance), the m-th order differential operator belongs to \k m for m G N + , the 
multiplication by elements of C£° lies in Vo, and for the reader’s convenience, two basic results 
are collected below. 


Lemma 2.1. (i). If J\ £ 'F ril and J 2 G V n2 with ni,n 2 G M, then J 1 J 2 G V ni+n2 and the Lie 
bracket [Ji, J 2 ] := J 1 J 2 - 'h-h G V ni+n2 _i. 

(ii). For m G (0, 00 ), let ( belong to CJfi which is defined as usual. Then for any n G (— m, m) 
there exists constant C such that 


\mn<c\\c\\ C mU\\ n , v </>g H n . 

We introduce the definition for solution of SPDE (11.11) . 

Definition 2.1. A process u is called a solution to SPDE (11.11) if u G S 2 {H m ) for some mGl 
and SPDE (11.11) holds in the distributional sense, i.e., for any £ G C“(M) (8>C'^°(M d ) there holds 
almost surely 

(C (t), u(t )) - [(d 8 C(s), u(s))ds- [ (C(s), (M k u + /3 k u + h k )(s)) dW k 
Jo Jo 

= (C(0)j u o) + / 2 (£% + M%)u + Dju + cu + f + L' k g k + M' k h k ^(s) ds, VtG[0,T]. 

In particular, if u G S 2 (L 2 ), it is said to be a weak solution. 

Set 


V 0 = {Li,... ,L dl } and V n+ i = V n U {[L k , V] : V G V n , k = 1,... , di}. 
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Denote by L n the set of linear combinations of elements of V n with coefficients of C°°{C^°). We 
introduce the following Hormander-type condition. 

(H) There exists no G No such that {Di : i = 1,... , d} C L no . (Throughout this paper, no is 
always chosen to be the smallest one.) 


Remark 2.1. It is easy to check that the super-parabolicity (SP) corresponds to the trivial case 
no = 0. For a nontrivial example, we could consider the 2-dimensional case with d\ = d = 2: 
L\ = D\ and L 2 = cos ((1 + at)x) D 2 where (at)t >0 can be any nonnegative bounded 
adapted process. Then one has D 2 £ Lo, though {D\,D 2 } C Li since [Li,L 2 ] = —(1 + 
at) sin ((1 + at)x) D 2 - Hence, we have no = 1. 


We also make the following assumptions. 

{AT) a lk ,9 lk ,b\P,ce £°°{C £°), for i = 1,..., d, k = 1,..., d\; 

(A2) c > 0, u 0 G x R d )nn q>0 L q {Tl,^L 2 ), f,g k ,h k G C 2 {L 2 ) n n q>0 L9(D; L 2 {Q)), for 
k = l,... ,d\, and moreover, for some p > d + 2i) 

p(d+2?j) p f 2p(d+2p) p \ 

(f,g, h) G L°°(n-,L(P+^)v(Q)) x L°°{Q-Lh{Q)) x L°°(D; L (p+^v)v (Q)) n L°°{Q- LI (Q)) , 


where and in the following, we set rj = 2 n °. Throughout this paper, we denote 

A P,oc = ll«0 llL-(QxRrf) + esssup ||/ T (u;,-,-)|| P (d+ a„) + esssup \\{g, h)(u, •, -)|| r 2 ^ 

wen L (P+d+2r,)r, (Q) L V (Q) 

+ esssup \\h(u ,-,-) II 2 p(d+ 2 V ) , 

ujGCI L (p+d+2i7)i7 (Q) 

Ap = I lno || LP(Q;L 2 ) + ll(/ T !.SS d)|| L p(Q ;L 2(g)), P ^ (0, Oo). 

We now state our main results. 

Theorem 2.2. Let assumption (.4.1) hold. Given f € C 2 {H m ), g,h e £?{{H m ) dl ) and u 0 € 
L 2 {Tl,&o-,H m ) with some m G M, t/ie following three assertions hold: 

(i) SPDE (11.11) admits a unique solution u G S 2 (H m ) with LkU G C 2 {H m ), k = 1,... , di, 

and 

di /■ / 

£ sup KOIIm + X^/ ll L *“( t )llm rft 
tGfOjT 1 ] J 0 

< C j£||n 0 llm + -£^ (ll/Wllm + lld( S )llm + ll^0)llm) *?} , 

with the constant C depending on T,m,9,cr,b,c and ft. In particular, if condition {Ti) holds, we 
have further 

e£ \\u{t)\\ 2 m +v dt < C jsiKIlS, + e£ {\\f(s)\\ 2 m + Ib(s)||^ + \\h(s)\\ 2 m ) dsj , 
with C depending on T, m, no, 9, a, b, c and ft. 

(ii) Assume further (7 1) and f G n ne R C 2 {H n ), g,h G n ne s.jC, 2 {{H n ) dl ). For any £ G (0, T), 
one has u G n ne RL 2 (H; C([e, T]; H n )), and for each n G R, 

E sup \\u{t)\\ 2 n +E [ \\u{t)f n+ dt 

tG[e,T] Je 
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( 2 . 1 ) 


< C {e\\G\\1 + e£ (||/(s)||n + Ms)\\l + ||^)lln) ds | , 

with the constant C depending on e, n, T, m, no, cr, 6, 7 , b and c. In particular, the random field 
u[t , x ) is almost surely infinitely differentiable with respect to x on (0, T] x M. d and each derivative 
is a continuous function on (0,T] x R d . 

(Hi) Let assumption (-4.2) and condition (H) hold. For the weak solution u of SPDE (11.11) . 
there exists 9 q £ ( 0 , 1 ] such that for any p > 0 , 

£||« :f r i „ W) <c(A5 ; 00 + A|) P . 

with the constant C depending on d,p , no, T and the quantities related to the coefficients a, 9, b, c 
and fi. 

Remark 2.2. Assertion (i) is a summary of Theorem 13.31 and Corollary 13.51 in which an L 2 - 
theory is presented for the linear, possibly degenerate SPDEs. Assertion (ii) is from Theorem 
13.61 which states a Hormander-type theorem. The most important result of this paper is the 
maximum principle of assertion (iii), which corresponds to Theorem 14.11 below and states the 
L p ( p > 0) estimates for the time-space uniform norm of weak solutions for possibly degenerate 
SPDE (jl.lD in the whole space. 


3 L 2 -theory and Hormander theorem for SPDEs 

3.1 L 2 -theory of SPDEs 

We consider the following SPDE 


du(t , x 

u(0,x) =u 0 (x), x £ 


5Au + + Ml)u + V DjU + cu + f + L' k g k + M' k h k 


(t, x) dt 


+ 


Mku + /3 k u + h k ( t,x)dW k , (f, x) € Q\ 


(3.1) 


with 5 £ [ 0 , 00 ). 

We first give an a priori estimate for the solution of SPDE (13.11) . 

Proposition 3.1. Let assumption (-41) hold. Assume n 0 £ L 2 (D, H m ) and f,g k ,h k £ 
C 2 (H m ) with m £ R, for k = 1,..., d x . If u £ S 2 {H m+1 ) n C 2 {H m+2 ) is a solution of SPDE 
(ED, one has 


E sup \\u(t)\\ 2 m + E f (5\\Du(t)\\ 2 m + 

te[o,T] Jo \ 

< C IeWmoC + e£ (I \\f(s)\\ 2 m + IlffhOII^ + \\h(s)\\ 2 m ) ds} , (3.2) 

with C being independent of 5. 


\\ L ku(t)\\ 2 m \ dt 

k =1 J 
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Proof. We have decompositions L k = L' k + Ck and Mk = M' k + ak with Ck = — ( Di<j lk )• and 
ak = —( Di6 lk )•, for k = Applying Ito formula for the square norm (see e.g. [171 

Theorem 3.1]), one has almost surely for t £ [0,T], 

\\I m u{t)\\ 2 + [ 26\\I m Du(s)\\ 2 ds — f 2(I m u(s) 1 I m (Du8 + f3u + h)(s) dW s ) 

Jo Jo 

= \\I m u 0 \\ 2 + f l m ((Ll + Ml)u + 2M' k h k + 24/) ) (s) ds 

+ [ 2 (l m u, I m (V D jU + cu + f)) (s) ds + [ \\I m {DuO + Pu + h){s)\\ 2 ds. (3.3) 

Jo Jo 

First, basic calculations yield 
( I m u , I m (L k u + 2 L' k g k + 2 cu + 2/)) 

= ( I m u , I m (L' k + Ck)L k u ) + 2(I m u , I m L' k g k ) + 2(I™u, I m {cu + /)) 

= -\\I m L k u\\ 2 + ([ I m ,L k ]u , + </ m u, [I m ,L' k ]L k u + I m c k L k u) 

-2(I m L k u, I m g k ) + 2([I m ,L k }u, I m g k ) + 2(I m u, [I m , L' k \g k ) + 2(I m u, I m {cu + f )) 

< -(1 - e)\\I m L k u\\ 2 + C e (\\I m u\\ 2 + ||/V|| 2 + l/ ? 7H 2 ) , £6(0,1), (3.4) 

and 

(. I m u , I m (M k u + 2M’ k h k )) 

= — \\I m M k u\\ 2 + ([I m , M k \u , I m M k u) + (4A, [J m , M' k ]M k u + I m a k M k u) 

- 2{I m M k u, I m h k ) + 2([I m ,M k ]u, I m h k ) + 2(I m u, 

< -||/ m A4^|| 2 - 2<J m M fe u, I m /) + + ( I m u , [I” 1 , M fc ]M fc u + a k M k I m u) 

+ C (\\I m u\\ 2 + ||I m /|| 2 ) 

< -||/ m M fc u|| 2 - 2(/ m A4«, I m h k ) + (4A, [[/ m ,M fc ],M fc ]« + a fc A4/ m / 

+ c(||/ m u|| 2 + ||J m /|| 2 ) 

< -||/ m A4u|| 2 - 2{I m M k u, I m h k ) + C (||/ m u|| 2 + ||/ m /|| 2 ) , (3.5) 

where we have used the relation 

(I m u, a k M k I m u) = - l -{I m u , D z (a k 9 lk )I m u). (3.6) 

Notice that for i = 1,..., d, k = 1,..., d\, 

|| I m {h k + I3 k u + M k u)|| 2 = \\I m h k \\ 2 + 2 (I m h k , I m M k u) + ||/ m A4u|| 2 

+ 2 (I m (h k + M k u), I m (f3 k u)) + \\I m (/3 k u)\\ 2 , (3.7) 

(. I m u , J m (6 *A/) = - \{I m u , D i b i I m u + 2[b i D u I m ]u), 

(.I m M k u , I m {p k u)) < (M k I m u, p k I m u) + C\\I m u\\ 2 

= -\{I m u , Di(p k e ik )I m u) + C||I m u|| 2 . 
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Putting (13.31) . (|3.4I) and (13.51) together, and taking expectations on both sides of (13.3|) . one gets 
by Gronwall inequality 


sup E\\u(t)\\ m + E 
te[o,T] 


J 0 ^||£>«(i)llm + W L k U (t)\\ 2 r^J dt 


<c{E\\u 0 \\ 2 m + E / (||/(s)||m + lb( s )llm + IIM s )llm) ds 


(3.8) 


On the other hand, one has for each t £ [0, T), 


E sup 

TS[ 0 ,t] 


< 


2 ( I m u{s ), I m {h + j3u + Du6)(s) dW s 

/ dl rt . . \ 1/2 

c [ e Y / J o (l (I m u(s), I m (h k +(J k u)(s))\ 2 + \(I m u(s), (M k I m + [I m ,M k ])u(s))\ 2 )dsj 

( E Jo (ll /m?x ( s )ll 2 ll /m/l ( s )ll 2 + ll /m?x ( s )ll 4 ) ds ) lf ~ 

sup \\I m u(s)\\ 2 + C e E f (\\I m h(s)\\ 2 + \\I m u(s)\\ 2 ) ds, £ £ (0,1). 

■e[o,t] Jo 


< C 

< eE 


Together with (|3.3I) . (13.41) . (13.51) and (13.81) . the above estimate implies (|3.2I) . 


□ 


Remark 3.1. The estimate (13.21) plays important role in our L 2 -theory for SPDEs, for which 
some unusual techniques are applied in the calculations of (13.41) . (13.51) and (13.71) . Especially, we 
treat the term 2 (I m M k u, I m h k ) as a unity and it allows us to weaken the assumptions on h in 
the L 2 -theory. 

An immediate consequence of Provosition HOI is the following 

Corollary 3.2. Let assumption (.41) hold. Given Uq £ L 2 (f2,J^o; H m ) and f,g k ,h k £ C 2 {H m ) 
with m £ R, for k = 1,..., d\, the solution of SPDE (13.ip is unique. 

Theorem 3.3. Let assumption (.41) hold. Assume u 0 £ L 2 (Ll, H m ) and f,g k ,h k £ £ 2 (H m ) 
with m £ M, for k = l,...,di. SPDE (|3.1I) with 6 = 0 (equivalently, SPDE (11.11 ) ) admits a 
unique solution u £ S 2 (H m ) with L k u £ C 2 (H m ), k = 1,..., d\, and 

d± /*T 

E sup \\u{t)\\ 2 m + ^E / \\L k u(t)\\ 2 m dt 
t£[0,T\ k=l 

< C |£||»ollm + (ll/(»)llm + IlsWIlm + IIM«)l£.) *} . (3.9) 

with C depending on T, m, a, 6 , b , c and (3. 

Proof. Choose {^}; eN+ C (0,1), {ug} neN + C L 2 (Q, ^ 0 ; H m+5 ) and {f n , g k , h k } nm + C £ 2 (H m+5 ), 
for k = 1,... ,d±, such that 5i converges down to 0 and 


lim 

n—t oo 


IIHo — H.0 II L 2 (Cl;H™) + II (fn 


f > 9n d n 


h) \\c 2 (H™) - 0- 
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By L p -theory for SPDEs (see m for instance), SPDE (13.11) admits a unique solution ui iTl G 
S 2 (H m+5 ) n £ 2 (H m+e ) associated with (Si, f n , g n ,h n ,UQ). 

Fixing n, one deduces from Proposition l3.1l that L k ui )n )}i e ^+ is bounded in S 2 (H m+A ) x 

C 2 (H m+A ), k = l,...,d\. Notice that di_Au kn tends to zero in C 2 (H m+2 ) as l goes to in¬ 
finity. Therefore, letting l tend to infinity, we derive from Proposition 13.11 and Corollary 13.21 
the unique solution u n for SPDE (13.11) associated with (f n , g n ,h n ,u^) and 5 = 0 such that 
(u n ,L k u n ) G S 2 (H m + 2 ) x C 2 (H m+2 ), for k = 1,.. . ,d\. 

Furthermore, letting n go to infinity, again by Proposition 13. II and Corollary 13.21 one obtains 
the unique solution u and associated estimates. This completes the proof. □ 

Remark 3.2. Consider the particular case m = 0 in Theorem l3.3l In view of the approximations 
in the above proof, through similar calculations as in the proof of Proposition 13.11 we can get 
the following estimate 

||u(i )|| 2 - J ( u(s ), (- DiO ik u + 2 f3 k u + 2 h k )(s) dWg 

rt d i rt 


< IIHoll 2 ~ (! ~ £ ) [ Y2\\L k u(s)\\ 2 ds + C E I j|u(s)|| 2 ds 

Jo k=1 Jo 

+ j (H^( s )l| 2 + 2 ( u ( s )A L ' k g k + cu +f)(s)yj ds a.s., Ve G (0,1). (3.10) 

Assume further c > 0. Put u\ = (u — A) + := max{rt — A, 0} for A G [0, oo). If we start from the 
Ito formula for the square norm of the positive part of solution (see |2Ti Corollary 3.11]), in a 
similar way to the above estimate, we have 

IM*)|| 2 - f(u X (s), (- D i e ik u x + 2fJ k u x + 2h k )(s)dW l f) 

Jo 

< IM0)|| 2 - (1 -e) [ W L kU\(s)\\ 2 ds + C £ [ (||u A (s)j| 2 + (|u A |, A1 {ua>0} )(s)) ds 

Jo k=1 Jo 

/»£ 

+ J ^||/i(s)l{„ A> o}|| 2 + 2 (u\(s), (L' k g k + /)(s)^ ds a.s., Ve G (0,1). (3.11) 

where we note that u < u\ + A1{ Ua>0 }. 

Note that we do not assume the Hormander-type condition (PL) in Theorem \3.3l In fact, we 
can get more regularity properties of solutions of SPDE CUD under condition (PL), for which we 
first recall an estimate on the Lie bracket. 

Lemma 3.4. QT9, Lemma 4-1]). For {J,L} C Uz>oV), m G M and e G [0,1], there exists a 
positive constant C such that almost surely for any G H m with J<f G H m ~ 1+e and Lcf G H rn , 
it holds that 

|| [J, L\(f> || m _ 1+ ! < C (|| J<t>\\m-1+E + || L<f\\ m + H^llm) ■ 

The above lemma basically generalizes m Lemma 4-^] from the deterministic case for m = 0 
to the stochastic case for any m G R. Starting from estimate (13.91) of Theorem \3.3\ and applying 
Lemma\3l4\ iteratively to elements ofV o, • • •, V„ 0 , we have 


Corollary 3.5. Assume the same hypothesis of Theorem 1 3 . 31 Let condition (fH) hold. For the 
unique solution u of SPDE CEO, one has further u £ £ 2 {H m+V ) with 

E \Hs)\\ 2 m+v ds < C ^E\\G\\ 2 m + E (llfis)^ + \\g(s)\\ 2 m + \\h(s)\\ 2 m ) ds^j , 

where the constant C depends on T, m, no, cr, 6, b, c and (3. 

The estimate on solution of SPDE (EH) for the case m = 0 in Corollary 13.51 plays an 
important role in Section [7] for the maximum principle of weak solutions. Therefore, for the 
reader’s convenience, we provide the following proof of Lemma \3.f\ from which Corollary 13.51 
follows immediately. 

Proof of Lemma \3ff\ Assume first f> £ H m+1 . Setting A n = I n ~ l [J , L\, we have A n £ almost 
surely for each n £ M. As the adjoint operator of J and L, J* = —J + c and L* = —L + c with 
c, c £ C°°{Cf°). By Lemma [2711 we have 

(JLcj), I m A m - 1+£ (j)) 

= {L<j>, ( L m J * + [J*, L m ])A m ~ l+e cf) 

= {I m Lf, (A m ~ 1+£ J* + [J*, A m - 1+£ ])(j)) + ([. I m ,J]L4 i, A m ~ l+£ (p) 

< C (||L^||^ + || J<f\\ln-l+e + \\4>\\m) 

and 

(LJ<f>, I m A m ~ 1+£ (j)) 

= (Jf), {I m ~ 1+E L* + [L*, I m ~ 1+£ ])A m (j)) 

= {L m ~ 1+£ J(f, ( A m L* + [L*, A m ])(j)) + {I m ~ 1+£ J(f), r( m - 1+£ )[L,r 1+£ ]yl» 

< C (||./</>||to_ 1 +£ + ll-^llm + IHIra) ■ 

Hence, 

||[J,L]^|L_ 1+| = <[J,L]0, I m A m - 1+£ <t))l <C{\\Jcf\\ m _ l+E + ||^|| m + ||0|| m ). 

Through standard density arguments, one verifies that the above estimate also holds for any 
f £ H m with J<f> £ H m ~ 1+£ and Lf eH m . □ 

3.2 Hormander theorem for SPDEs 

Inspired by the filtering theory of partially observable diffusion processes, Krylov has just 

obtained the Hormander theorem for SPDEs, which states the spacial smoothness of solutions. 
The method therein relies on the generalized Ito-Wentzell formula and associated results on 
deterministic PDEs. Next to the above established L 2 -theory, we intend to derive the following 
Hormander theorem for SPDE fll.ip under the condition (H) with an analytical approach. 

Theorem 3.6. Let assumptions (H) and {Al) hold. If f € n ne R C 2 {H n ), g,h £ n ne R C 2 {{H n ) dl ), 
and u 0 £ L 2 (H; H m ) for some m £ R, then for the unique solution u of SPDE fll.ll) in Theorem 
13.31 one has for any £ £ (0, T), 

u € n neR L 2 {Q-,C{[£,T];H n )), 
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and for any n £ M 


E sup \\u(t)\\l + E [ \\u{t)\\ 2 n+ dt 

i€[e,T] Je 

< c\ ewgwI + e£ (||/(s)||n + \\g(s)\\ 2 n + Ms)\\ 2 n ) ds} , (3.12) 

with the constant C depending on e, n, T, m, no, a, 9, 7 , b and c. In particular, the random field 
u{t,x) is almost surely infinitely differentiable with respect to x on (0, T] xU. d and each derivative 
is a continuous function on (0,T] x M d . 


Proof. By Theorem 13.31 SPDE (11.111 admits a unique solution u £ S 2 (H m ) and the random field 
u{t,x ) := t,u(t,x ) is the unique solution of SPDE 


du(t, x) = 


(L k + M'f)u + VDjU + cu + u + t [^f + L' k g k + M' k h k 
tMkU + tf3 k u + th k (t, x) dW k , (f, x) £ Q\ 


+ 


(t, x) dt 


■u( 0 , x) = 0 , x £ R d , 


with 


d 1 r-T 

E sup \\m& + Y l E \\Lku{t)\\ 2 m dt 
te[o,T] k=1 Jo 

< C (T 2 + 1 ) E f (||/(s)||m + ||fl'('S)llm + IIM s )llm + ||tt(s)||m) ^S. 


(3.13) 


Starting from the above estimate, we apply Lemma [3~4l iteratively to elements of Vo,..., V no . 
Under condition ("%), there arrives the estimate 

[ T \\Du\\ 2 m _ 1+rt ds < C (T 2 + 1) E [ T {\\f(s)\\ 2 m + \\g(s)\\ 2 m + \\h(s)\\ 2 m + |Ks)||^) ds. (3.14) 
Jo Jo 

Fix any e £ (0,T A 1) and define e\ = Yl\=\ fr f° r ^ £ N + . By interpolation and Theorem 13.31 


we have 


E sup \\u{t)\\ 2 m + E [ ||u(t)|| 
tG[ei,T] J £\ 

C2{T 2 + 1) rT 


m+2~ n 0 


— nr\ dt 


< 


E / (ll/(«)lli + ||s(»)£ + IIM»C + ll««C) ds. 


£ JO 

Since / £ fl ng R C 2 {H n ) and g,h £ r\ ne m_£ 2 ((H n ) dl ), by iteration we obtain for any j £ N + , 


E su p \Ht)\\ 2 m+{j _ 1)ri + E \\u(t)\\ 2 m+jrt dt 

t(z\£j ,T\ J £j 

< CV(T 2 + 1) E r 


’Ej -1 


S )llm+(i-l)r; + \\d( s )\\ m +(j-l) v + WH S ) Wm+(j-l) V + II u ( s )\\m+(j-l)r)) ds, 
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which together with estimate (13.91) . implies by iteration that 
E sup \\u(t)\\ 2 m+u _ 1)ri + E [ \\u(t)\\ 2 m+jri dt 

\e j J £j 

< CO) {elicit + e£ (ll/(*)£ +0 -i)„ + llsMIlL-o-i), + ll'*we +fa -i,„) *} ■ 

Hence, for any e £ (0, T), one has u £ P\ n& ^L 2 (fl; C{\e, T]; H n )) and the estimate (13.121) holds. 
In particular, by Sobolev embedding theorem, u(t,x) is almost surely infinitely differentiable 
with respect to x and each derivative is a continuous function on (0,T] x WL d . □ 

Remark 3.3. By Theorem 13.61 we have the global spacial smoothness of the solution in time 
interval (0,T]. A similar result exists in Krylov’s recent work [T3| ' 13]. which states the local 
spacial smoothness of solution under a Hormander-type condition of local type. However, the 
method therein relies on the generalized Ito-Wentzell formula and associated results on deter¬ 
ministic PDEs, while herein, we use an analytical approach on the basis of our L 2 -theory and 
an estimate on the Lie bracket (Lemma 13.41) . In fact, our method has the potential to derive 
the associated local results, but we would not seek such a generality in the present paper. In 
addition, we would mention that, to the best of our knowledge, the hypoellipticity for SPDEs 
was first considered by Chaleyat-Maurel and Michel pQ, where the coefficients depend on (t,u) 
only through a substituted Wiener process. 

4 LP estimates for the uniform norm of solutions 

To the end, let assumptions (Ml), (M2) and {hi) hold. By Theorem, \S.S[ SPDE (II. II) has a unique 
weak solutoin. In this section, we shall prove the L p -estimates for the time-space uniform norm 
of the weak solution. 

Theorem 4.1. For the weak solution u of SPDE (11.11) . there exists do £ (0,1] such that for any 
p £ ( 0 , oo), 

with the constant C depending on d,p , no, T and the quantities related to the coefficients a, 9, b , c 
and f3. 

An immediate consequence is the following comparison principle. 

Corollary 4.2. Suppose that random field u is the weak solution of SPDE (0). Let u be the 
solution of SPDE cm with the initial value n 0 an d external force f being replaced by Uq and f 
respectively. Suppose further that 

f < f, P <S> dt <S> dx-a.e. and u 0 < n Q , P®dx-a.e. 

Then, there holds u < u, P (g> dt (8> dx-a.e. 

Before proving Theorem \ f.l\ we give the following embedding lemma that will be used fre¬ 
quently in what follows. 
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2(d+2r l ) 


Lemma 4.3. For if £ L 2 (0, T; H v ) n (7([0, T]; L 2 ), one has if £ L <* (Q) and 


I L 2(dJ d 2r,) (Q) ~ Ill’ll 


lL 2 (0,T;Hy)H lfy IIC([0,T];L 2 ) 
with the positive constant C depending on d and rj. 


(4.1) 


Proof. By the fractional Gagliard-Nirenberg inequality (see [HJ Corollary 2.3] for instance), we 
have 

where a = d/{d + 2rf) and q = 2 (d + 2 rf)/d. Integrating on [0, T], we obtain 

[ \if(s, x)\ q dxds < C Wf’W'i max ||^(s, ■)|| ( ' 1_a ' ) ' ? . 

Jo se[o,T] 


2(d+2r l ) 


Therefore, if £ L <* (Q) and there holds (14.11) . 

For A > 0 and z £ No, set 


□ 


,T / d i 

U z = sup |Mi)|| 2 + / |k(t)|| 2 + V \\L k u 2 

te[o,T] Jo \ k=1 


u z = (u — A(1 — 2 z )) + and 
Obviously, for each z £ N + , one has |DjU z _i| > \DiU z \ for i = 1,..., d, 


dt. 


A 


Uz -1 > U z , ul {Uz>0} =u z + A(1 - 2 Z )l{u z > 0 } and l{ Uz>0 } < 

As an immediate consequence of Lemma \f.3\ there follows 

Corollary 4.4. 

IKII 2(d+2r)) < C U z , a.S. 

L d (Q) 

with the constant C depending on d and p. 

In view of Remark \3 .HI the weak solution u of SPDE (11.11) satisfies 


2 z u z - 1 ' q 


Vq>0. (4.2) 


< m 


(Of - f(u z (s), (—Di9 ik u z + 2/3 k u z + 2 h k )(s) dW k ) 

Jo 

(0)l| 2 -(l-£) [‘ E l|i*“.(s)ll 2 ds + C. f (|M*)I| 2 + {\u,\, A(1 - 2- 2 )l { „, >0| ) M) is 
Jo , , Jo 


(4.3) 


+ J (ll^( s )l{u*>o}ll 2 + 2 (u z (s), {L' k g k + /)(s)^ ds, a.s., Ve £ ( 0 , 1 ). 

Taking e = 1 / 2 , we have by Gronwall inequality 

rt d 1 

sup |k(s)l | 2 + / V] ||L fc u.(s)|| 2 ds 

sE[0,£] J 0 

<c(a( 1-2-*) f(k|, l{«,>o})(s)d«+ sup [lu z (s), {-D i 9 ik u z + 2f3 k u z + 2h k ){s)dW h s 

l 40 rG[0,t] do N 
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a.s. 


+ 


J (\Hs )huz>0} f + 2 (u z (s), (L' k g k + / + )(s)^> j ds + || , u 2 (0)||" 


Under condition (PL), starting from the above estimate and applying Lemma \3.4\ iteratively to 
elements ofY o, • • •, Y no , we get 

sup |Ms)|| 2 + [ f||^(s)|| 2 +^||L fc u 2 (s)|| 2N ) ds 
se[o,t] Jo \ ' 


k =i 


ci A(l-2 2 ) f (\u z \,l {Uz>0} ){s)ds+ sup [ (u z (s), (-D i 9 lk u z + 2/3 k u z + 2h k )(s)dW ! 
l J O T€[0,t]Jo ' 

+ /(ll^)Wo}l| 2 + 2 (u z (s), {L' k g k + / + )(s)^ ^ ds + ||u 2 (0)|| 2 |, a.s. (4.4) 


Set 


M *(t) = J (“*00> (-D i e ik u z + 2p k u z + 2h k )(s)dW k ), t £ [0,T]. 

T/ie proof of Theorem\f.l\ is started from the iteration inequality of the following lemma. 


Lemma 4.5. Assume A > 2AA (X) > 1. For the solution of SPDE (11.11) . there exists a positive 
constant N such that for any z £ N + , 


IV' 


u z < ^ (t4-i) 1+ “° + iv sup M 2 (f), a.s. 


where 


0 < ao := 


te[o ,T] 

(p - 2??)(d + 2g) 1 

2 pd 2 


(4.5) 


Proof. We estimate each item involved in relation (14.41) . Since p > d + 2g, basic calculations 
yield that 2 < 2 + 4 «q < . Then, it holds that 


A(l-2" 2 ) [ T (\u z \, l {u ,> 0} )(a) 

Jo 


ds 


< A(1 — 2~ z ) /|u 2 _i 

(1 - 2 - 2 ) 2 ( 1+2q °) 




(s) ds 


< 


< 


A 2a ° 

(1 _ 2 - 2 ) 2 ( 1 + 2a °) 2: 
A 2a ° 

C( 1 - 2 _2 )2 (1+2 “ o) 

A 2 ^ 


7/ 1 || 2 + 2 “° 

«2-l|l L 2+2 « 0 (Q) 

l. ||(2+2a 0 )e ii„ .|(2+2ao)(l-e) 

“2-111 2(d+2^) II “2-1 Ilf,2701 

L—a—( 0 ) 


(U k -i) 


l + OQ 


a.s. 


where by Lyapunov’s inequality, e £ (0,1) is chosen to satisfy 

1 


2 + 2ao 2(d + 2g) 


ds l — e 

+ —— ■ 


Furthermore, we have 
rT 


[ (u z , / + )(s) 
Jo 


ds 
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5; ||l/z|| 2(d+2ri) 11/ || p(d+2ri) 

L 3 (Q) L (p+d+2 v ) v (Qj \Jq 


1 {«z>o} dxds 


1_2 
2 p 


— H^zll 2(d+2p) ||/^|| P(d+ 2y) 

L 3 (Q) L (P+d+2p)p (g) Ug 


2 z u 2 i 


A 


2 (d+ 2 T 7 ) 


1 _2 
2 p 


dxds 


<> 2 - 


z \ l+ 2 ao 


II f+ II 11 „. ||2+2oo 

11/ || P(d+2p) ||^2—1|| 2(d+2jj) 

L (P+d+2 V )v (Q) L - 3- (Q) 


£CI X 


2 \ l+2ao 


p(d+2i7) 


L (P+d+2 v ) v (Q) 


(^-l) 


1+ao 


a.s. 


and 


[ \(uz, L' k g k )(s)\ds 

Jo 

= I \{L k u z , g k )(s)\ds 

Jo 

< \\L k u z \\ L 2 {Q) ( [ g 2 l {Uz>0} dxds^ 


'Q 


< \\ L kUz\\Ll{Q)\\g\\ E . . 

Lr? (Q) \7 q 

/ \ l+ 2 ao 

< 


l{w 2 >o} dxds 


L — R 

2 p 


llsll E, . \\LkUz-l\\L 2 (Q) 11^2-1 II 2 (d+ 2 Tj) 
Lr, iQ) L -3- (Q) 


( 02 \ 

- || 5 || £ (C/,-!)^, a.s. 

A / lv(q) 

Let J = v (p+d+ 2 ri) and J = q^T' There follows = 2 + 2 a 0 and thus 

[ ll^(s)l{ u ,>0}H 2 ds 

Jo 


— II^IIl 2 9(q) ( f{u z >o> 


dxds 


— INIl 2 <3(q) 


/Q 


2 2 Uz-i 


2 (d+ 2 t)) 


dxds 


z \ 2 + 2 ao 


A 


II ^11 L 2 ^fO') ll^-l II 2(d+2r,) 

£ 3 (Q) 




a.s. 


Since A > 2A^ oc , it follows that u 2 (0) = 0 for any z £ N + . Choosing IV to be big enough, 
we have by relation 


N z 


Uz<io- (t/ 2 -i ) 1+Q0 + N sup M z (t), a.s. 


A 2“0 


ie[o,T] 


□ 
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Next, let us deal with the martingale part M z (-) in the iteration inequality (14.51) . We shall 
prove that M z (-) is comparable with (t/ 2 _i ) 1+ “°. 

Lemma 4.6. Let A > There exists N £ (l,oo) such that for any k,( £ (0, oo), 

P ({/[or] ( U z-^) 1+0l ° - c| j < exp |- hj ^ ]Sfz | , V2: € N+. 

Proof. First, we have 


( M z )t = Y / 

k =1 J ° 

< c f 


u z , {-Did lk u z + 2 P k u z + 2h k ){s) 
z || 4 + ll w 2 ;|| 2 ||/il{u z > 0 }lh) ds , a.s. 


ds 


with the constant C being independent of 2 . On the other hand, we have 
r T 


[ Kll ||W{u.>o}|| ds 
Jo 

( S )|| 2 [ T \\hl { 
Jo 


< sup || u z 
se[o,T] 


< sup ||u 2 (s) 
se[o,T] 


/o 

|2 || 7-112 


u z > 0} I 


'ds 


LV(Q) \Jq 


^{u z >o}dxds 


l_2y 

p 


< 


Lv (Q) se[0,T] 
2 z \ 2+4ao 


sup ||lt 2 (s) 


IQ 


2 Z U Z -! 


2(d+2 v ) 


p 


dxds 


(?) 


2 p sup ||u 2 (s)|| 2 ||^_i|| 2 +f“ + 0 2 ^ 

Ln (Q) se[0,T] L — 3 (Q) 


' nz \ 2+4«o 


2 

Lv(Q) 


\2+2ao 


p . (U z -iY , a.s. 


and 


[ T \\M 

Jo 


s)|| 4 ds 


< sup ||u 2 
sG[0,T] 


OOII 2 f 

Jo 


|uJ| 2 ds 


< sup ||u 2 (s )|| 2 

f 1 I 2 
/ Kl 

se[o,T] 

'Q 

/ nz \ 4«0 


-(t) sup 

V A / se[o,T] 

\\Ms)\\ 2 

/ oz \ 4ao 


<c(- (V,. 

^2+2ao 


2 ^u 2 i 


4ao 


dxds 


|2+4ao 


a.s. 


Therefore, there exists N £ (1, 00 ) such that for any z £ N + , 


(M z ) t < C 




2+4ao 


1 % 

L r >(Q) 


([/2 _ i ) 2 + 2ao < (^_ i) 2 + 2 ao 


a.s. (4.6) 
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with the constant C being independent of z. 

In view of relation (I l.iill . ( U z -i) 1+a ° < C implies that (. M z )t < 7 := ^ 4 ^ . Note that there 
exists a Brownian motion B such that Mt = B/j^\ t . Hence, 

P ( \ sup M z (t) > «C, (U z -i) 1+a ° < C 1 ] < P ( i sup M z (t) > k(, (M z ) t < 7 l ) 
\Ue[o,T] )) VU e [°’ T ] 

< P ( | sup B t > k( 1 ] 

V *6[0,7] 


(by the reflection principle) = 2P ({B 7 > nf}) 


< exp < — 


2 7 


= exp 


^A 4 " 0 1 
2 N z } 


□ 


sup M z (t) > 
te[o,T] 


Nu z / \ 2 a 0 - 26 »o(l+ao) Z /(^-l)(l+ao) 


^20 o (l+a o ) 

l/(z-l)(l+a 0) 


V 


,a 0 z—l—a 0 jy 


2-1 


Put 


and take 


^20o(l+«o) 

C» = y (,-i)(i +w) ** = 


jVA 2“ o0 ° a 2 “° 

^aoz-l-ao N z ~ 1 


N\2oio8o A 2q ° 


1 J_ 

0q = - and u = (2IV + 1 ) “0 . 


There exists Aq G (1, 00 ) such that for any A > Aq, one has 


A“° 


(4.7) 


which completes the proof. 

Combining the iteration inequality 03]) and the estimate on martingale part M z (-), we shall 
estimate the tail probability of ||« + ||l°o(q). 

Proposition 4.7. There exist 8q G (0,1) and Xq € (1, 00 ) such that for any A > Ao, 
p({||“ + »l~(q)>a,« j <a“ ! »})< 2exp {-A 2 " 0 } . 

Proof. For z G No, set 

f X 2e °) 

with the parameter v > 1 waiting to be determined later. Observe that 

{||n + || i oo(Q) > X, Uq < A 2e °| C (A z ) c n A 0 C U. eN + (A z ) c O ^ 2-1 
which implies that 

p({|I« + IU-«, >*,«.<**■})<£ P((A 2 ) c n4_i). 

2 SN+ 

In view of Lemma 14.51 the event in ( A z ) c n A z -± implies that 

\20o n 2-1 


(4.8) 
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By Lemma 14.61 it follows that for any z £ N + , 


p (( A z ) c n <p sup MS) > K*Cz, (U z - i) 1+ao < Cz \ 
\{tmT] Jy 

£exp {_^} £exp {.LL±|L!L} 

< exp { —2 z A 2a ° } < exp { -zA 2q ° } , 


which together with relation (14.81) implies estimate (14.71) . 


□ 


Finally, equipped with the above estimate on the tail probability, we are now at a position to 
prove the L p -estimates for the time-space uniform norm of weak solutions. 

Proof of Theorem \ f.l\ Taking z = 0 in relation (14.41) and applying Holder inequality, we have 
for 0 < r < T, 

sup ||u+(f )|| 2 + f fllu+WIg + ^llWWII 2 ) ds 

te[o,r] J o V J 

<C\ sup f lu + {s),(-D i e ik u + + 2p k u + + 2h k ){s)dW k ) 

l tG[0,r] Jo X ' 

+ j (ll^( s )l{u>o}l| 2 + 2 (u + (s), {L' k g k + / + )(s)^ ^ ds + ||u+|| 2 | 

< c{ sup [ (u + (s ), (-Di6 ik u + + 2/3 k u + + 2h k ){s) dW k ) 

l iG[0,r] J 0 ' 7 

[ (IIM s )l{u>0}l + llff( s )l{u> 0 }ll" + ll/ + (' s )l{u> 0 }l| 2 ) ds + |K I 

Jo 

di \ 

+ " 2 + 5Z W L k u+ ( s )\\ 2 ) ds, a.s., 


+ 

+ h 



k =1 


which implies that 


di 


sup ||u + (t )|| 2 + / ||u + (s)|| 2 +^||L fc u + (s )|| 2 ds 

t€[0,r] ' 1 


k =1 
12 


< c'l + ll(/ ! 5^) 1{ u >o} ll L 2 ([ M x Kd ) + IK 


+ „ 2 


a.s. 


with 


M t ■= f o ( u+ ( s ^ (-DiV ik u + + 2(3 k u + + 2h k )(s)dW k ^, t £ [ 0 ,T], 


Observe that for any t £ [0, T\ and q > 0, 

d i j-t 

I o 


(">? = £ 

\fc=i 


< C 


u+(s), {-Di6 ik u + + 2f3 k u + + 2 h k )(s 
u + || 4 + ||u + || 2 ||/i 1 { u >o}|| 2 ) (s)ds 


ds 


(4.9) 
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<(e + Cr*) sup \\u + (s)\\ 2g + C £ ( [ ||M{ u > 0 }|| 2 Gte N ) . 

v ' sero,£l \J o / 


Take 


e = — and t = T A 
4 


2 

1 V 
4C 


By relation (|4.9[) and the Burkholder-Davis-Gundy inequality, we have for g > 0, 


E sup ||u+(i )|| 29 + £ 

t6[0,r] 

1 


d\ 


1 1 


W + (s)\\l + ^||L fc u + (s )|| 2 ds 


k =1 


< ^ sup \\u + (s)\\ 2q + CE (\\(f + ,g,h)l {u>0} \\ 2 LH[0tT]x 


sG[0,r 


+ IKII 2 


Starting from the interval [0, r], within steps we arrive at 

E{U 0 ) q < CE [\\(f + ,g,h)l {u>0} \\% {Q) + ll^ll 29 
Taking q = ^ in the above inequality, we have by Proposition 14.71 


K|b/+|| p 

II L°°(Q) 


< 


poo 

P P({||u + ||lco ( q) > A})AP- 1 dA 
Jo 

/ oo /* oo 

P ( jt/o > A 20 °|^ A p_1 dX + / P({||n + || L oc (Q) > A, U 0 < A 200 }) A ?" 1 dA 


' Ao 

1 


— /v 0 _r E7rE I C/o I 2e o + f 

J A 


5 A " + 2 ^ £ 


Aq 


2 exp{-A 2 “ 0 } A p-1 dA 


< oo. 


Hence, in view of Lemmas IP1 and m we have by scaling 

E\\u + \\ p Laa[Q) <C'(a+ 0O + A+ 

with the constant C depending on d,p, no, T and the quantities related to the coefficients a, 8, b, c 
and (3. The estimate on u~ follows in a similar way. We complete the proof. □ 

Remark 4.1. By Theorem 14.11 we give the L p (p > 0) estimates for the time-space uniform 
norm of weak solutions for possibly degenerate SPDE (11.111 in the whole space. It seems to be 
new, even for the super-parabolic case (that is no = 0 in (77)), as the existing results on such kind 
of estimates for weak solutions of super-parabolic SPDEs are restricted in bounded domains (see 
ME]) with p £ [2, oo). In fact, our method of De Giorgi iteration in this section is applicable 
to the local maximum principle for weak solutions of SPDEs in either bounded or unbounded 
domains, by using the techniques of cut-off functions (see [20] for instance). On the other hand, 
in Theorem 14.11 as well as in assertion (i) of Theorem 12.21 we assume (.41) which requires the 
spacial smoothness of coefficients a, 8,b, c and /3; in fact, such assumption is made for the sake 
of simplicity and it can be relaxed in a standard way due to the properties of multipliers in (ii) 
of Lemma l2Tl We would postpone such generalizations in domains with relaxed assumption 
(.41) to a future work. 
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